Additional reference containing a new proof of our main result, based on the theory of R-trees:
Z. Sela, The Nielsen-Thurston classification and automorphisms of a free group I, Duke Math. J. 84 (1996), 379-397.
Let φ be an automorphism of a finitely generated free group F . On page 72, line 2, we ask if
is (finite and) bounded in terms of the rank of F . Armando Martino has pointed out to us that we are allowing multiple counting, in the sense that, for any f ∈ Fix(φx −1 ), we also have f ∈ Fix(φ(f x) −1 ). Thus, the identity automorphism of the free group of rank one is an example where the sum is infinite, and answers our question in the negative.
To avoid multiple counting, one could construct the group Φ = S | R 1 ∪R 2 with generating set
and set of relators R 1 ∪ R 2 where
and
and ask if Φ is finitely generated, and also ask if Φ is free. Notice that
which is free, and its rank is the originally considered sum. Thus we are now adding the relations R 2 to compensate for multiple counting.
